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2 q $=(q^{1}, q^{2})$ $p=(p_{1},p_{2})$ Hamiltonian
$H_{free,2}= \frac{1}{2}\sum_{i=1}^{2}p_{i}^{2}$ , (1.1)
1070 1998 52-68 52
$H_{f^{ree,2}}$ , $p_{1}$ , $p_{2}$ , $q^{1}p_{2^{-}}q^{2}p_{1}$ ,
(1.1) 3
3 3
q $=(q^{1}, q^{2}, q^{3})$ $p=(p_{1}, p2, p_{3})$ Hamiltonian
$H_{f^{ree,3}}= \frac{1}{2}i1\sum_{=}3p_{i}^{2}$ , (1.2)
3






$H_{free},= \frac{1}{2}n\sum_{=i1}np_{i}^{2}$ , (1.3)
$H_{\overline{J}^{ree,r}}b$
’
$p_{i}$ $(i=1, \cdot\cdot, n)$ , $L_{ij}=q^{i}pj-\dot{\phi}p_{\dot{?}}$ ( $i,j=1rightarrow’\cdot\cdot,$ $n$ , $i<j$ )










$H_{h,2}= \frac{1}{2}\sum^{2}p^{2}i^{+}\frac{1}{2}i=1k\sum^{2}i=1(qi)^{\mathit{2}}‘$ . (1.4)
$H_{h,2}$ , $M_{11}=p_{1}^{2}+k(q^{1})^{2}$ , $M_{22}=p_{2}^{2}+k(q^{2})^{2}$ , $M_{12}=p_{1}p_{2}+kq^{1}q^{2}$ , $L_{12}=q^{1}p_{2}-q^{2}p_{1}$
2 3
$M_{11}\perp_{1}M_{22}=2H_{h},2$ , $M_{11}M_{22}-M^{2}12=kL_{12}^{2}$ .
3
3 3 q p Hamiltonian
$H_{h,3}= \frac{1}{2}\sum_{i=1}^{3}p^{2}i+\frac{1}{2}k\sum(q^{i})i=132$ , (1.5)
3
$H_{h,3}$ , $M_{ij}=pipj+kqqij$ $(?.., j=1,2,3, i\leq j)$ , $L_{ij}=qp_{j^{-}qp_{i}}ij$ $(i,j=1,2,3, i<j)$ ,
1 $0$
$det(M_{ij})=0$ ,
$M_{11}+M_{22}+M_{33}=2H_{h,3}$ , $M_{iiij}M_{jj}-M^{2}=kL_{ij}^{2}$ , $(i,j=1,2,3, i<j)$




$H_{h_{:}n}= \frac{1}{2}\sum_{i=1}p^{2}i+\frac{1}{2}k\sum(qni=1ni)^{2}$ , (16)
$H_{l\mathrm{z},n}$ , $M_{ij}=p_{i}p_{j}+kqijq(i, j=1, \cdot., 7\iota, i\leq j)$ , $L_{ij}=q^{i}pj-q^{j}p_{\dot{\}}(i,j=1, \cdot\cdot, 7\iota, i<j)$
54
$\sum_{i=1}^{n}M_{ii}=2H_{H,n}$ , $M_{ii}M_{jj}-M_{i}^{2}j=kL_{ij}^{2}$ , $(i, j=1, \cdot\cdot, n, i\leq j)$






$n)$ $M_{1j},$ $(j=2, \cdot\cdot, 7\iota)$













$H_{K,3}= \frac{1}{2}\sum_{i=1}3p_{i}^{2}-\frac{k}{r}$ , (1.8)
$H_{K,3}$ , $L_{ij}=q^{i}pj-q^{\hat{\mathcal{J}}}pi$ $(i, j=1,2,3, i<j)$ , $R_{i}= \sum_{=j1}^{3}L_{ij}p_{j}-k\frac{q^{i}}{r}$ $(i=1,2,3)$ ,
55
7 Hamiltonian 3
J $=(J_{1}, J_{2}, J_{3}):=(L_{\mathit{2}3}, L_{3}1, L_{12})$ Runge-Lenz
R $=(R_{1}, R_{2}, R_{3})$
$J_{\mathrm{o}}=q\mathrm{X}p$ , $R=p \cross J_{\text{ }}-k\frac{q}{r}$
$\sum_{i=1}^{3}R_{i}^{\mathit{2}}=2HK,3\sum_{=i1}^{3}J\mathit{2}+ik\mathit{2}$ , $\sum_{i=1}^{3}kJi=0$ ,
2 5
3 $H_{K,3},$ $J_{3},$ $\Sigma^{3}i=1J_{i^{\text{ }}^{}2}$
$R_{1},$ $R_{2}$
$r\iota(\geq 4)$ Kepler Hamiltonian
$H_{K,n}= \frac{1}{2}\sum_{i=1}p_{i}^{2}-\frac{k}{r}n$ (1.9)







Kepler $\text{ ^{}6}\text{ _{ } _{ } }$
Runge–Lenz
[2, 3, 4, 5, 6]
MIC-Kepler MIC-Kepler $T^{*}(\mathrm{R}^{3}-\{0\})\cong$




$\omega_{\mu}=\sum_{j=1}^{3}dp_{j}$ A $dq^{j}- \frac{\mu}{r^{3}}$ ( $qdq^{2}1\wedge dq^{3}+$ cyclic). (2.2)
$r=|q|$ $\mu,$ $k$ $(k$
.
$>0)$ . $\mu=0$ Kepler
2 $J$ Runge-Lenz $R_{MIC}$
$J=q \cross p+\mu\frac{q}{r}$ , $R_{MIC}=p \mathrm{x}j-k\frac{q}{r}$ , (2.3)
$J$ $q/r$
$(J\cdot q/r)=\mu$ J
$N_{MIc}=\mu RMIC+kJ$ , (2.4)
$(N_{MIC} , q)=\mu(|J|^{2}-\mu^{2})$




$H_{T\mathrm{A}^{\gamma}}= \frac{1}{2f(r)}\sum_{1k=}^{3}p_{k}^{2}+\frac{\mu^{2}}{2g(r)}$ , (2.5)
$n\mathrm{z}$ $f(r),$ $g(r)$
$f(r)=1+ \frac{4_{7}n}{r}$ , $g(r)= \frac{(4m)^{2}}{1+4m/r}$ , (2.6)
(2.3)




Taub-NUT $(\tau^{*}(\mathrm{R}^{3}-\{0\}), \omega_{\mu})$ (2.5)
Hamiltonian $H_{TN}$ $f(r),$ $g(r)$
$f(r)=r-\nu 2(1/a+br)1/\nu$ , $g(r)= \frac{r^{1^{\prime_{U}}}’(a+br^{1^{f}})/^{\nu}}{1+cr^{1^{\prime_{\nu}}}\cdot!+dr2,/_{\nu}}.$ , (2.8)
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$a,$ $b,$ $c,$ $d$ , \nu \nu
Hamiltonian
$H_{MK}= \frac{r^{2-1./\nu}}{2(a+br^{1}/\nu)}.\sum_{k=1}^{3}p^{2}k+.\frac{\mu^{2}(1+Cr^{1}’+\mathcal{U}d\prime r^{2}/\nu)}{2r^{1/\nu}(a+br^{1}/\mathcal{U})}.$ , (2.9)
$\nu=1$ $\mathrm{T}\mathrm{a}\mathrm{u}\mathrm{t}\succ \mathrm{N}\mathrm{U}\mathrm{T}$




$H_{GMK}=. \frac{r^{2}}{2f_{2}(r)}j=1\sum p_{j}^{\mathit{2}}3+\frac{1}{2}(\frac{f_{2}(r)-r^{\mathit{2}}f1(r)}{2r^{2}f_{1}(r)f2(r)})(q\cdot p)2+\frac{\mu^{2}}{2f\mathrm{s}(\prime r)}$ (2.11)
$f_{1}(r),$ $f_{2}(r),$ $f_{\backslash }’3(r)$
$f_{1}(r)= \frac{r^{1,/\nu-\mathit{2}}f(a_{0}+a_{1}r^{1}/’\nu)}{(1+a_{2}r^{1}/\nu+a3r)^{2}2/\nu}.$,





- J $\iota\ovalbox{\tt\small REJECT}=1$
$R_{GMK}=p \cross J+(-a_{0}H_{G}MK+\frac{J^{2}-\mu^{2}}{2}a_{2}+\frac{\mu^{2}}{2}a_{4})\frac{q}{r}+\frac{a_{2}+a_{3}r}{r}(q\cdot p)q\cross J$ (2.13)
$J=|J|$ R\eta MK Runge-Lenz
RMK
















$(x,y)$ Hamiltonian $H_{1}$ 2
$–$ 1. $\Omega$ $\circ \mathrm{s}$ . . $\Omega$ $\Omega_{\mathrm{s}}$ $B$ $C$
$H_{1}=\overline{2}\perp(p_{x}^{2}+p_{y}^{2})+A(x^{2}+y^{2})+-x^{2}-+-y^{2}$ . (3.1)
$A,$ $B,$ $C$ Hamiltonian
$I_{1}=p_{x}^{2}+2Ax^{2}+2 \frac{B}{x^{\mathit{2}}}$ , $I_{\mathit{2}}=p_{y}^{2}+2Ay^{2}+2 \frac{C}{y^{2}}$ . (3.2)
$I_{1}+I_{2}=2H_{1}$




$p_{x^{X^{2}}}^{\mathit{2}}+2A(x2- \frac{I_{1}}{4A})^{2}=\frac{I_{1}^{2}-16AB}{8A}$ , (3.4)
$A>0$ $K^{2}$
\mbox{\boldmath $\chi$}
$p_{x}x=K\cos\chi$ $\sqrt{2A}(_{X^{\mathit{2}}}-\frac{I_{1}}{4A})=K\sin\chi$ , (3.5)




$x$ , y (3.5) (3.6) \mbox{\boldmath $\chi$}, \mbox{\boldmath $\phi$}




$K$ K (3.9) (3.3) $I_{1}$ $I_{\mathit{2}}$
$I_{1},$ $I_{2},$ $I_{3}$ (3.7) $(x, y)$ 2
(3.8) n $7n$
$m \frac{d\chi}{dt}=n\frac{d\phi}{dt}$ , (3.10)
$7n\chi$ –n\mbox{\boldmath $\phi$}=
$\cos(m\chi-n\phi)=\cos(m\chi)\cos(n\phi)+\sin(mx)\sin(n\phi)$ , (3.11)




$x_{i},$ $(i=1, \cdot\cdot, n_{1}),\tilde{x}_{j},$ $(j=n_{1}+1, \cdot\cdot, n)$
$p_{i},$ $(i=1, \cdot\cdot,n_{1}),\tilde{p}_{i},$ $(i=n_{1}+1, \cdot\cdot, n)$ Hamiltonian
$n$
$H= \frac{1}{G_{0}}(^{\frac{1}{2}(\sum_{=}^{n}p_{i}+\sum_{j1}^{n}}i1=n_{1}+212pj)\sim+i=1\sum^{n_{1}}CiX_{i}^{\mathit{2}}+\sum i=1n1\frac{d_{i}}{x_{i}^{\mathit{2}}}+\sum_{j=n1+1}\gamma nj^{\tilde{X}_{j^{\mathit{2}}}+}j=1+1\sum_{n}\delta_{j}\tilde{x}_{j}+n$
(3.12)
$G_{0}= \sum_{=l1}rl1aix_{i^{+}}2i=\sum_{1}\frac{b_{i}}{x_{i}^{2}}+\sum^{n}\alpha j\tilde{X}_{j^{2}}n_{1}j=n1+1+\sum_{=jn_{1}+1}^{n}\beta_{jj}\tilde{x}+f$ ,
$x=(x_{i},\tilde{x}_{i}),$ $p=(p_{i},\tilde{p}_{i})$ $(x_{\text{ }}p)\in((\mathrm{R}-\{0\})^{n}1\cross$
$\mathrm{R}^{n-n_{1}})\cross \mathrm{R}n)$
$7l$
$I_{i}= \frac{1}{2}p_{i}^{2}+$ ( $\mathrm{q}-$ $H$) $x_{i}^{2}+ \frac{d_{i}-b_{i}H}{x_{i}^{2}}$ , $(i=1\cdots\cdot n_{1})$ , (3.13)
$1\sim$




$K_{i}^{2}=2(biH-di)+ \frac{I_{i}^{2}}{2(\mathrm{q}-a_{i}H)}$ , (3.16)
(3.15) \mbox{\boldmath $\chi$}’
$p_{iii}x=K\cos(\chi i)$ , $(i=1\cdots\cdot n_{1})(3.17)$
$x_{i}$ ‘
$\frac{d\chi_{i}}{dt}=\frac{2\sqrt{2(c_{i}-a_{i}H)}}{G_{0}}$ , $(i=1 . . . .n_{1})$ (3.18)





$\sqrt{2(\gamma_{j}-\alpha_{j}H)}(\tilde{x}_{j}+\frac{\delta_{j}-\beta_{j}H}{2(\gamma_{j}-\alpha_{j}H)})=\tilde{K}_{j}\sin(\phi_{j})$ . $(j=n_{1}+1\cdots\cdot 7\iota)$ (3.21)
$\tilde{x}_{j}$ \mbox{\boldmath $\phi$},
$\frac{d\phi_{j}}{dt}=\frac{\sqrt{2(\gamma_{j}-\alpha_{j}H)}}{G_{0}}$ , $(j=n_{1}+1\cdots\cdot n)$ (3.22)
(3.23)
$I_{i},\tilde{I}_{j}$ , $(i=1, \cdot. n_{1},j=7\iota_{1}+1, *\cdot 7|_{\ovalbox{\tt\small REJECT}})$
$7l$ $7l$ $2\sqrt{c_{i}-a_{i}H},$ $(i=1,$ $\cdot\cdot$
$n_{1}),$ $\sqrt{\gamma_{j}-\alpha_{j}H}(j=7l_{1}+1, \cdot\cdot\uparrow x)$ 1
$a_{i}=0,$ $\alpha_{j}=0(i=1, \cdot. n_{1},i=\uparrow?\mathit{1}1+1, \cdot\cdot n)$
$2\sqrt{\mathrm{Q}},$ $(i=1, \cdot\cdot n_{1}),$ $\backslash \Gamma\gamma_{j}(j=n_{1}+1, \cdot\cdot 7l)$ –
$7\iota-1$ $\psi_{i}=\chi_{i},$ $\psi j=\phi_{j}(i=$
$1,$ $\cdot$ . $n_{1},j=n_{1}+1,$ $\cdot\cdot n$ ) $\psi$
n $m_{j}$ $i,$ $j(1\leq i<j\leq n)$ $\psi_{i}(t)mj-\psi_{j}(t)ni=$
(3.17), (3.20) (3.21) $\mathrm{c}\circ \mathrm{s}(\psi_{i}),$ $\sin(\psi_{i})$
(3.24) , $(i,j=1, \cdots\cdot, n)$
$F_{1j},$ $(j=2, \cdots\cdot, n)$ $n-1$








$H_{1}= \frac{1}{2}(p_{x}^{2}+p^{\mathit{2}}y)+\frac{a}{r}+\frac{b\sqrt{r+x}}{r}+\frac{c\sqrt[\wedge]{r-x}}{r}$ , (4.2)
$H_{2}= \frac{1}{2}(p^{2}x+p^{\mathit{2}}y,)+\frac{a}{r}+\frac{1}{r}(\frac{b}{r+x}+\frac{c}{r-x})$ , (4.3)
$H_{3}= \frac{1}{2}(p_{x}^{\mathit{2}}+p_{y}^{2})+\frac{a}{r}+\frac{b}{y^{\mathit{2}}}+\frac{cx}{y^{2}r}$ , (4.4)
$r=\sqrt{x^{2}+y^{2}}$ $a,$ $b,$ $c$ $H_{1}$ $H_{2}$
$H_{3}$
$H_{1}$ \xi $\eta$
$\xi=\frac{r+x}{2}$ , $\eta=\frac{r-x}{2}$ . (4.5)
$(x, y)$ $(\xi, \eta)$
$x=\xi-\eta$ , $y=2\sqrt{\xi_{7|}}$ , (4.6)
Hamiltonian $H_{1}$
$H_{1}= \frac{\xi p_{\xi\eta}^{2}+r|p^{2}}{2(\xi+\eta)}+\frac{a}{\xi+\eta}+\frac{b\sqrt{2\xi}}{\xi+\eta}+\frac{c\sqrt{2\eta}}{\xi+\eta}$ . (4.7)
\alpha
$\xi p_{\xi}^{2}+2b\sqrt{2\xi}-2H_{1}\xi+a=\alpha$ , (4.8)
$\eta p_{\eta}^{\mathit{2}}+2c\sqrt{27|}-2H1\eta+a=-\alpha$. (4.9)
(4.8)
$( \sqrt{\xi}p_{\xi})^{2}+(-2H1)(\sqrt{\xi}-\frac{\sqrt{2}b}{2H_{1}})^{\mathit{2}}=\alpha-a-\frac{b^{\mathit{2}}}{H_{1}}$ . (4.10)
(4.10) $K_{1}^{2}$ ( $K_{1}$ )
\mbox{\boldmath $\chi$}







(4.9) $\eta$ \mbox{\boldmath $\phi$} (4.12)
$\frac{d\phi}{dt}=\underline{\sqrt{-2H_{1}}}$ (4.13)2 $(\xi+\eta)$ ’
\xi \xi 1 \xi 2
\eta \mbox{\boldmath $\phi$} \Delta \mbox{\boldmath $\phi$}
$\triangle\phi=\int_{\xi_{1}}^{\xi 2}\frac{d\phi}{d\xi}d\xi$ , (4.14)
$\triangle\phi=\pi$ (4.15)
$\chi-\phi=$ $\mathrm{c}\circ \mathrm{s}(\chi)\mathrm{c}\circ \mathrm{s}(\phi)+\sin(\chi)\sin(\phi)$
$I= \sqrt{\xi\eta}p\xi p_{\eta}+(-2H1)(\sqrt{\xi\eta}-\frac{\sqrt{2\xi}b}{2H_{1}}-\frac{\sqrt{2\eta}c}{2H_{1}})$ , (4.16–1)
$I=(p_{x}(xpy-yp_{x})- \frac{a}{r}y)+\frac{r+y}{r}(b\sqrt{r+x}+c\sqrt{r-x})$ , (4.16–2)
(4.8) (4.9) $b=c=0$ (4.2) 2
(4.16) 2 Runge-Lenz
(4.3) (4.2)
$(\xi, \eta)$ Hamiltonian $H_{\mathit{2}}$
$H_{\mathit{2}}= \frac{\xi p_{\xi}^{2\mathit{2}}+\eta p_{\eta}}{2(\xi+7|)}+\frac{a}{\xi+r_{7}}+\frac{1}{\xi+\eta}(\frac{b}{2\xi}+\frac{c}{27|})$. (4.17)
\alpha
$\xi p_{\xi}^{2}-2H2\xi+a+\frac{b}{\mathrm{t}_{3}c}=\alpha$ , (4.18)
$\eta p_{\eta}^{2}-2H_{2}\eta+a+\frac{c}{\eta}=-\alpha$ . (4.19)
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(4.18) (4.19) \mbox{\boldmath $\chi$} \mbox{\boldmath $\phi$}
$\backslash t_{p_{\xi}}=K_{1}\cos(\chi)$ , $\xi+\frac{a-\alpha}{-4H_{2}}=K_{1}\frac{1}{\sqrt{-2H_{2}}}\sin(\chi\rangle$ . (4.20)
$\eta p_{\eta 2}=K\cos(\psi)’$ , $\eta+\frac{a+\alpha}{-4H_{2}}=K_{\mathit{2}}\frac{1}{\sqrt{-2H_{2}}}\sin(\phi)$ . (4.21)
$K_{1},$ $K_{\mathit{2}}$
$K_{1}^{2}= \frac{(a-\alpha)^{2}}{-8H_{2}}-b$ , $K_{\mathit{2}}^{2}= \frac{(a+\alpha)^{2}}{-8H_{2}}.-c$ (4.22)
$\xi$
$\eta$ \mbox{\boldmath $\chi$} $\phi$
$\frac{d\chi}{dt}=\frac{\iota\overline{-}2H_{1}}{\xi-\tau\eta 1}$ , (4.23)
$\frac{d\phi}{dt}=\frac{\sqrt{-2H_{1}}}{\xi+\eta}$ . (4.24)
2 (4.23) (4.24)
$\chi$ –\mbox{\boldmath $\phi$}= $\mathrm{c}\circ \mathrm{s}(\chi)\mathrm{c}\circ \mathrm{s}(\phi)+\sin(\chi)\sin(\phi)$
$I= \xi\eta p_{\xi}p_{\eta}-2H_{2}\xi\eta+\frac{a+\alpha}{2}\xi+\frac{a-\alpha}{2}\eta$, (4.25)
(4.4)






$+ \frac{\alpha}{r^{2}}+.\frac{a}{r}=H_{3}$ . (4.28)
(4.27) (4.28) 2 \mbox{\boldmath $\chi$} $\phi$
$p_{\theta}\sin(\theta)=K\mathrm{l}\cos(\chi)$ , $\cos(\theta)+\frac{c}{2\alpha}=R_{1^{\frac{1}{\sqrt{2a}}}}’\sin(\chi)$ . (4.29)
$p_{r}=K_{2}\cos(\phi)$ , $\frac{1}{r}+\frac{a}{2\alpha}=K_{\mathit{2}}\frac{1}{\sqrt{2\alpha}}\sin(\phi)$ . (4.30)
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$K_{1},$ $K_{2}$
$K_{1}^{2}=2 \alpha-2b+\frac{c^{2}}{2\alpha}$ , $K_{\mathit{2}}^{2}=2H_{3}+ \frac{a^{2}}{2\alpha}$ . (4.31)
‘ $r$ $\theta$ \mbox{\boldmath $\chi$} $\phi$










Hamiltonian (4.4) $H_{3}$ H
(4.26)





, $c_{1},$ $c_{2,3}c$ \mbox{\boldmath $\omega$}
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